Notation and preliminaries {#Sec1}
==========================
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The radial Minkowski linear combination, $\documentclass[12pt]{minimal}
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Let us recall the concept of radial Blaschke addition defined by Lutwak \[[@CR1]\]. Suppose that *K* and *L* are star bodies in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\Bbb {R}}^{n}$\end{document}$, the radial Blaschke addition denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K\widehat{+}L$\end{document}$ is a star body whose radial function is $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \rho(K\widehat{+}L, \cdot)^{n-1}=\rho(K,\cdot)^{n-1}+\rho(L, \cdot)^{n-1}. \end{aligned}$$ \end{document}$$ The dual Knesser-Süss inequality for the radial Blaschke addition was established by Lutwak \[[@CR1]\]. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K,L\in{\mathcal {S}}^{n}$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} V(K\widehat{+}L)^{(n-1)/n}\leq V(K)^{(n-1)/n}+V(L)^{(n-1)/n}, \end{aligned}$$ \end{document}$$ with equality if and only if *K* and *L* are dilates.

In the section, we give a generalized concept of the radial Blaschke addition.
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In the following, we define the dual mixed quermassintegral with respect to the *p*-radial Blaschke addition. First, we show two propositions. The following proposition follows immediately from ([2.3](#Equ9){ref-type=""}) with L'Hôpital's rule.

Proposition 2.2 {#FPar2}
---------------
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The following proposition follows immediately from Proposition [2.2](#FPar2){ref-type="sec"} and ([1.6](#Equ6){ref-type=""}).

Proposition 2.3 {#FPar3}
---------------
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Definition 2.4 {#FPar4}
--------------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K=L$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widetilde{W}_{p,i}(K,L)$\end{document}$ becomes the dual quermassintegral of star body *K*, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widetilde{W}_{p,i}(K,K)=\widetilde{W}_{i}(K)$\end{document}$. Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=0$\end{document}$ in ([2.7](#Equ13){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widetilde{W}_{p,i}(K,L)$\end{document}$ becomes the *p*-dual mixed volume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widetilde{V}_{p}(K,L)$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \widetilde{V}_{p}(K,L)=\frac{1}{n} \int_{S^{n-1}}\rho(K,u)^{p+1}\rho (L,u)^{n-p-1}\,dS(u). \end{aligned}$$ \end{document}$$

From ([2.7](#Equ13){ref-type=""}), combining Hölder's integral inequality (see \[[@CR3]\]) gives the following.

Proposition 2.5 {#FPar5}
---------------

(Minkowski type inequality)
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                \begin{document} $$\begin{aligned} \widetilde{V}_{p}(K,L)^{n}\leq V(K)^{p+1}V(L)^{n-p-1}, \end{aligned}$$ \end{document}$$ with equality if and only if *K* and *L* are dilates. In the following, we establish the Brunn-Minkowski inequality for the *p*-radial Blaschke addition.

Proposition 2.6 {#FPar6}
---------------
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Proof {#FPar7}
-----

From ([2.3](#Equ9){ref-type=""}) and ([2.7](#Equ13){ref-type=""}), it is easily seen that the *p*-dual mixed quermassintegral $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widehat{W}_{p,i}(K,L)$\end{document}$ is linear with respect to the *p*-radial Blaschke addition and together with inequality ([2.9](#Equ15){ref-type=""}) shows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \widetilde{W}_{p,i}(Q, K\widehat{+}_{p}L)&=\widetilde {W}_{p,i}(Q,K)+\widetilde {W}_{p,i}(Q,L) \\ &\leq\widetilde{W}_{i}(Q)^{(p-i+1)/(n-i)}\bigl(\widetilde {W}_{i}(K)^{(n-p-1)/(n-i)}+\widetilde {W}_{i}(L)^{(n-p-1)/(n-i)} \bigr), \end{aligned}$$ \end{document}$$ with equality if and only if *K* and *L* are dilates of *Q*. Take $\documentclass[12pt]{minimal}
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Improvement of the harmonic Blaschke addition {#Sec5}
=============================================

Let us recall the concept of harmonic Blaschke addition defined by Lutwak \[[@CR4]\]. Suppose that *K* and *L* are star bodies in $\documentclass[12pt]{minimal}
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In the section, we give an improved concept of the harmonic Blaschke addition.

Definition 3.1 {#FPar8}
--------------
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The Brunn-Minkowski inequality for the *p*-harmonic Blaschke addition follows immediately from ([1.6](#Equ6){ref-type=""}), ([3.3](#Equ21){ref-type=""}) and Minkowski's integral inequality (see \[[@CR3]\]).

Proposition 3.2 {#FPar9}
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Radial Blaschke-Minkowski homomorphisms {#Sec6}
=======================================

Definition 4.1 {#FPar10}
--------------

(\[[@CR5]\])
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Radial Blaschke-Minkowski homomorphisms are important examples of star body valued valuations. Their natural duals, Blaschke-Minkowski homomorphisms, are an important notion in the theory of convex body valued valuations (see, e.g., \[[@CR6]--[@CR12]\] and \[[@CR13]--[@CR20]\]). In 2006, Schuster \[[@CR5]\] established the following Brunn-Minkowski inequality for radial Blaschke-Minkowski homomorphisms of star bodies. If *K* and *L* are star bodies in $\documentclass[12pt]{minimal}
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Lemma 4.3 {#FPar12}
---------

(see \[[@CR5]\])
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For the mixed radial Blaschke-Minkowski homomorphism induced by Ψ, Schuster \[[@CR5]\] proved that $$\documentclass[12pt]{minimal}
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Definition 4.4 {#FPar13}
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Inequalities for the radial Blaschke-Minkowski homomorphism {#Sec7}
===========================================================

Theorem 5.1 {#FPar14}
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Remark 5.2 {#FPar15}
----------

Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j=n$\end{document}$ in ([5.1](#Equ29){ref-type=""}) and noting that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widetilde{W}_{n}(K)=\int_{S^{n-1}}\,dS(u)=n\omega_{n}$\end{document}$, ([5.1](#Equ29){ref-type=""}) becomes the following inequality: If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K,L\in{\mathcal {S}}^{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq p< n-1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i\leq n-1$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \widetilde{W}_{i}\bigl(\Psi_{p}(K\widehat{+}_{p}L) \bigr)^{1/(n-i)} \leq\widetilde{W}_{i}(\Psi_{p} K)^{1/(n-i)}+\widetilde{W}_{i}(\Psi_{p}L)^{1/(n-i)}, \end{aligned}$$ \end{document}$$ with equality if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Psi_{p} K$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Psi_{p} L$\end{document}$ are dilates. Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=0$\end{document}$ in ([5.1](#Equ29){ref-type=""}), ([5.1](#Equ29){ref-type=""}) becomes the following inequality: If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K,L\in{\mathcal {S}}^{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i\leq n-1\leq j\leq n$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl(\frac{\widetilde{W}_{i}(\Psi(K\widehat{+}L))}{\widetilde {W}_{j}(\Psi(K\widehat{+}L))} \biggr)^{1/(j-i)} \leq \biggl(\frac{\widetilde{W}_{i}(\Psi K)}{\widetilde{W}_{j}(\Psi K)} \biggr)^{1/(j-i)}+ \biggl(\frac{\widetilde{W}_{i}(\Psi L)}{\widetilde{W}_{j}(\Psi L)} \biggr)^{1/(j-i)}, \end{aligned}$$ \end{document}$$ with equality if and only if Ψ*K* and Ψ*L* are dilates.

Theorem 5.3 {#FPar16}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K,L\in{\mathcal {S}}^{n}$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq i< n $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p< i-1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k,j\in{\Bbb {R}}$\end{document}$ *satisfy* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j\leq n-1\leq k\leq n$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\frac{1}{\widetilde{W}_{i}(K\breve{+}_{p} L)} \biggl(\frac{\widetilde{W}_{j}(\Psi_{p}(K\breve {+}_{p}L))}{\widetilde{W}_{k}(\Psi_{p}(K\breve{+}_{p}L))} \biggr)^{1/(k-j)} \\ &\quad\leq\frac{1}{\widetilde{W}_{i}(K)} \biggl(\frac {\widetilde{W}_{j}(\Psi_{p}K)}{\widetilde{W}_{k}(\Psi_{p}K)} \biggr) ^{1/(k-j)}+ \frac{1}{\widetilde{W}_{i}(L)} \biggl(\frac{\widetilde {W}_{j}(\Psi_{p}L)}{\widetilde{W}_{k}(\Psi_{p}L)} \biggr)^{1/(k-j)}, \end{aligned}$$ \end{document}$$ *with equality if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Psi_{p}K$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Psi_{p}L$\end{document}$ *are dilates*.

Remark 5.4 {#FPar17}
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Dresher's inequalities for *p*-radial Blaschke and harmonic Blaschke additions {#Sec8}
==============================================================================

An extension of Beckenbach's inequality (see \[[@CR3]\], p. 27) was obtained by Dresher \[[@CR25]\] by means of moment-space techniques.

Lemma 6.1 {#FPar18}
---------

(Dresher's inequality)
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We are now in a position to prove Theorem [5.1](#FPar14){ref-type="sec"}. The following statement is just a slight reformulation of it.

Theorem 6.2 {#FPar19}
-----------
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Proof {#FPar20}
-----

From ([2.4](#Equ10){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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We are now in a position to prove Theorem [5.3](#FPar16){ref-type="sec"}. The following statement is just a slight reformulation of it.

Theorem 6.3 {#FPar21}
-----------
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Proof {#FPar22}
-----

From ([3.3](#Equ21){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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